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Abstract. It is well known that compactifying a space can break symmetries that 
are present in the covering space. In this paper we study the effects of such topological 
symmetry breaking on point-particle motion when the particle is coupled to a mass¬ 
less field on the space. For a torus topology where Lorentz invariance is broken but 
translation invariance is maintained, particles can move at a constant velocity through 
the space; however, non-local, velocity-dependent forces arise whenever the particle is 
accelerated. For a topology where translation invariance is broken, such as the Klein 
bottle, interactions with the massless field generate an effective potential as a function 
of position. The potential creates special stable points in the space, and prevents con¬ 
stant velocity motion. This latter would appear to be the generic case. This class of 
effects may be applicable whenever a localized object moves through a compactihed 
bulk, such as in brane-world cosmology, or some condensed matter systems. 
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1 Introduction 

Topologically non-trivial spacetimes are common in modern theoretical physics. They 
have featured in attempts to unify gravity with other forces since [1] (but are most of¬ 
ten associated with Kaluza [2] and Klein [3, 4]). This includes, of course, string theory 
and its generalizations, where extra spatial dimensions are required for mathematical 
consistency of the theory [5] and must be hidden (or mostly hidden [6]) from obser¬ 
vation - typically by compactification at a very short distance scale. It also includes 
large extra-dimensional solutions to the gauge hierarchy problem in which the extra 
dimensions are hidden by compactification [7-9]. Additionally, one or more of the 
three large spatial dimensions in our universe can be compact, even if the curvature is 
flat (first proposed by [10]; for more recent reviews see for example [11, 12]), although 
there are strict constraints on this possibility (most recently and strictly: [13, 14]). 

A common type of compact space is formed by taking an infinite manifold and 
modding out by a discrete subgroup of the full isometry group. For example, a cylinder 
Rx S 1 may be viewed as a taking the Euclidean plane R 2 and identifying x with x + L , 
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thereby modding out by a discrete subgroup of translations. Compactifiying a space 
in this manner can break symmetries that are present in the uncompactihed space. A 
space-time with cylindrical spatial slices is not Lorentz invariant, because the slices do 
not remain purely spatial under a boost along the compact direction, even though the 
metric is locally Minkowski. The loss of symmetry can have physical implications. 

A famous example is the twin paradox with a compact extra dimension (see for 
example [16-19]). Consider twins, one of whom remains on Earth while the second 
moves at a speed close to the speed of light around the compact direction. Direct com¬ 
putation shows, in the usual way of the twin paradox, that the moving twin returns 
younger than the stationary twin. However, the moving twin Twill return to the Erst 
twin without ever having accelerated, so we cannot appeal to the standard resolution 
of the twin paradox to explain the apparent violation of the relativity of motion. The 
new resolution is that there is a topological difference between the twins: the worldlines 
of the two twins have different winding numbers. In other words, there is a preferred 
frame in which the compactihed dimension is purely spatial, and in which only the 
moving twin winds around the space. 

Compactihciation can have other implications. In a generic compactihcation, 
many symmetries of the covering space may be broken beyond just Lorentz invariance. 
For example, the Klein bottle breaks translation invariance even though the space con¬ 
tinues to admit a flat metric. The seminal work of de Witt et al in [20] established 
that the vacuum (Casimir) stress energy tensor is not Lorentz invariant, and in the 
Klein bottle is not translation invariant. This perhaps inspire a considerable effort 
to calculate the vacuum stress energy in a variety of manifolds (eg. [21, 22]). This 
Casimir stress energy can have implications on the evolution of the space itself [23] and 
or on the motion of branes in the space [24-26] . Loop corrections can also change the 
spectrum of the Kaluza-Klcin tower, which was fixed at tree level by the 5 dimensional 
Lorentz invariance [27]. As a result, it is important to understand these effects when 
dealing with compactihed spaces. 

In this work we will be mainly focused on the dynamics of a point particle coupled 
to massless holds living in a topologically non-trivial space. There is a long tradition 
of studying radiative effects on the motion of point particles. The classic studies by 
Lorentz and Abraham [28, 29] were followed up by Dirac [30] and then by many, but 
especially Rohrlich and collaborators (see for example [31, 32], This work was extended 
to curved space in 1960 by de Wiit and Brehme [33], and more recently by many others 
[34-37]; for a review, see [38]. Radiation reaction has also been studied in space-times 
with other than 3 + 1 dimensions [39, 40] and in wormhole [41-44] and cosmic string 
[45-48] space-times. However as far as we know, point particle motion has not been 
studied in detail in spacetimes with non-trivial spatial topology. 

The point particle can serve as a toy model for a brane, or for an ordinary quan¬ 
tum particle, moving through space. By focusing on point-particle motion as opposed 
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to the Kaluza-Klein spectrum, we can describe “localized” effects that are harder to 
describe in the Kaluza-Klein picture. As an example application, it is known that in 
brane-world cosmology scenarios the brane can radiate bulk gravitons [49-56] (for a 
review of brane-world gravity see [57]). We imagine that on a topologically non-trivial 
space the radiated gravitons would interact with the emitting brane at later times on 
the brane’s worldline. 

There are dynamical effects due to the topology that can change the motion of the 
point particle moving in a compact space relative to motion in the covering space. Be¬ 
cause there are modes in the fields with which the particle interacts that have non-zero 
winding number (that is, field modes that wrap around the space), a point particle in 
a topologically non-trivial space can interact with itself. This will appear as an effec¬ 
tive non-local interaction for the point particle. Since the particle can radiate into the 
bulk, the non-local interactions can result in dissipation. We will study the dynamics 
of these self-interactions for different topologies of flat space. 

Our main results are 

• A point particle in a Klein bottle sources a static potential with which it itself 
interacts. Consequently, the particle worldline will not be a geodesic of the space- 
time, even in the absence of an external force. Furthermore, because translation 
invariance is broken, there are local minima in this potential - stable locations 
in the manifold where the particle will settle since it can dissipate energy and 
momentum by emission of excitations of the massless holds with which it couples. 

• Even for the torus topology, which preserves translation invariance, there are 
velocity-dependent forces that react on the particle if it is accelerated. The par¬ 
ticle can emit radiation, and later interact with that radiation. The effect is 
non-local from the perspective of the particle. The particle can also dissipate 
energy that radiates to infinity. 

The rest of this paper is organized as follows. In Section 2 we review held theory 
on a compact manifold and set up our formalism. In Sections 3 and 4, we study point- 
particle motion on a Klein bottle and on a torus respectively. In both cases we focus 
for simplicity on manifolds with even space-time dimension. We work in units where 
h — c — 1 and use a “mostly plus” metric convention, r/ /tl/ = diag(—1,1 • • • 1). 

2 Review of field theory on topologically non-trivial manifolds 

We hrst review some basic facts about held theory in compact spaces. 

2.1 Compactifications of Minkowski space 

In this work we consider compactifications of d-dimensional Euclidean space E d (in 
two dimensions, the Euclidean plane, E 2 ) obtained by modding by a discrete subgroup 
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T A (where A runs over all groups) of the isometry group of E d . These are the crystal¬ 
lographic groups in d dimensions. Meanwhile, we consider time to be uncompactihed. 
Thus we are interested in space-time manifolds of the form R x E d /V A . 

Our group elements 7n e r A (for some particular A ) thus identify 

(t,x*)~(t, 7„x*). (2.1) 

The identification (2.1) breaks Lorentz invariance by singling out a preferred frame in 
which acts purely on the spatial coordinates. In other words, all inertial frames 
where the identification conditions are simultaneous are related by translations and 
rotations, not boosts. 

In keeping with tradition, we shall only consider compactihcations that give rise to 
manifolds, although it is certainly possible to consider more general compactihcations. 
This limits T A to “freely acting” subgroups - those with no fixed points under subroup 
elements (other than the identity). In other words 7 n x l ^ x % for any Xi in the space 
and for any y n G T A . In 1910-1912, Bieberbach showed [58, 59] that there are only a 
small number of freely acting crystallographic groups for a Euclidean space of given 
dimension. For example, for 3-dimensional Euclidean space there are only ten compact 
manifolds. 

In this work we focus on held configurations that are strictly periodic 1 . In other 
words, if we identify x ~ 'yx, then 


<) = (p a { ix), ( 2 . 2 ) 

where a is a generic index that includes internal and space-time indices. This will allow 
us to write any held solving a linear equation of motion in terms of the covering space 
as 

= ^0(7 n a:), (2.3) 

i 

as long as this summation converges. The y n are the elements of the group which 
defines the geometric space. This is called the method of images and is used very often 
in harmonic analysis [60]. For a recent book see [61]. 

For compactihcations of Euclidean-n space the summation 2.3 can be regrouped 
into separate summations over the torus. This fact was used previously to obtain the 
Casimir vacuum energy for the hat oriented closed spaces [22], 

2.2 Massless Propagators 

We are interested in purely classical physics that is described by the retarded propa¬ 
gator. For a massless scalar held 0, the retarded propagator is a solution to 

O x G ret (x,x') = 5 (d \x - x'), (2.4) 

with the boundary condition that G(x,x') = 0 for x° < x'°. 

1 It is also possible to consider twisted field configurations, where <j> a (x) = M[Aab(t>b{'Yx)- See for 
example [20]. We will not consider this possibility here. 
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On Minkowski space-time, rotational and translational invariance allow us to 
express the Green’s function as a function of T = t — t' and R = \x — x'\ for D > 2 as 




1 

47t \_2tiR 

i e{T) 


d 


R 


( D ~4)/2 _ R j 


R 


, D even, 


2t tR 


d. 


R 


(D-3)/2 e ^ T _ ^j 


D odd. 


(2.5) 


The presence of a tail in the Green’s function except in flat unperturbed space- 
times of even dimension is well known. Intuitively, the tail can be understood by 
considering (see for example [39]) the delta function source in odd space-time dimen¬ 
sions as being a line of point sources in even dimensions. The radiation from different 
points on the line will arrive at different times, leading to the tail. See also [62] and 
[63] for an alternative perspective on the tail. For simplicity alone, we will focus on 
unperturbed flat even space-time dimensions. 

In a general topology, we can express the retarded propagator G ret in terms of the 
Minkowski space propagator G ret by using Equation 2.3: 



n 


( 2 . 6 ) 


We will use this as a starting point when we consider specific topologies below. 


2.3 Effective Action for a Point Particle 

We will consider a generic action describing the motion of a point particle coupled to 
some bosonic held: 

S[X, 0] = S P [X] + SM + j d 4 x^J, (2.7) 

where 



S</>[<!>] = jd A x- ^( d(p ) 2 , 

J{x, X) = Q J drd (4) (x - X(r)). (2.8) 


The breaking of various symmetries of the covering space is encoded in the boundary 
conditions of the integral. For example, in the torus case, where invariance under 
boosts in the compact direction z is broken, there is only one frame where the limits 
of the z integral are 0 to L. 

We may write the effective action for X after integrating out 0 as 


giSeff \x] 


j ^ d4x ^ J 


(2.9) 
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The integral over <p is Gaussian and can be performed easily, yielding 


S eff [X] = S P [X] + ^ 


J dr J d t'^Gf (X(r), 7 n X(r')) , 


( 2 . 10 ) 


n 


where Gf is the Feynman propagator. This can be easily generalized to fields with 
arbitrary spin and to multiple fields. 

We may interpret the sum over n as giving the contribution of different winding 
sectors of the theory: 

• The n — 0 term is divergent. This corresponds to one loop corrections that would 
be present in Minkowski space. For example, these divergences contribute to the 
renormalization of the point particle’s mass and, in D = 4, results in the famous 
Abraham-Lorentz-Dirac equation of motion for the classical point particle. 

• The n ^ 0 terms represent the effects of the nontrivial topology. These are extra 
finite contributions to the effective action for X. The contributions are non-local 
because we have integrated out 0. The symmetries are now manifestly broken 
because of these terms. 

The advantage of writing things in this way is that we can express the motion of the 
point particle in terms of the basic scattering amplitude G(x 1 , 2 : 2 ). 

We work in real space, instead of Fourier space, focusing on winding modes rather 
than Kaluza-Klein modes. This is because we want to study the motion of a localized 
point particle in the manifold. Below we compute corrections to the point particle 
equations of motion in Klein bottle and torus topologies. These are ultimately due to 
the above corrections to the effective action, which are a measure of scattering off of 
winding modes. 

3 Static potential for the Klein bottle 

We now consider a flat space-time ds 2 = — df 2 + dx 2 , with D > 4 space-time di¬ 
mensions, where the spatial slices have the topology of a Klein bottle times R 1 . The 
importance of the Klein bottle is that any two-dimensional section of a compact Eu¬ 
clidean 3—manifold is either a 2—torus or a Klein bottle. 

Unlike the 2-torus, the Klein bottle topology breaks translation invariance. This is 
the generic situation among compactifications. It means that a single charged particle 
in this space will give rise to an inhomogeneous static potential, with which the particle 
can itself interact. The trajectory of a moving particle consequently will not be a 
geodesic of the metric, and, since the particle can dissipate energy by the emission of 
massless scalars, it will settle into a local minimum of this potential. This is a purely 
classical effect, making it distinct from the effects studied in [25, 26]. The charged 
particle coupled to a massless scalar field can also be considered a qualitative model 
for a brane coupled to a bulk field, such as a Kalb-Ramond field or the gravitational 
field. 
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The Klein bottle topology is defined by the following identifications of the Eu¬ 
clidean plane: 

*W * \ 

x = (-1 ) m x + nL x (3.1) 

y) \ y + mLy ) 

The fundamental region for the Klein bottle is shown in Fig. 1. The top and bottom 
sides are identified as in the torus. The left and right sides are “anti-identified”, 
meaning that as we pass the lines y = we send x —» —x. The Klein bottle is 
covered two times by the torus. In Fig. 2 we show a piece of the covering space. 




Figure 1 . Fundamental region of Klein bottle. 


This figure helps to visualize the breaking of translation invariance which generates 
the static potential. 

It can be seen visually that the potential on the line x = 0 will be the same as 
the potential on the lines x = ±L x /2, and both correspond to a cubic type lattice, for 
which the force is zero. Gradually moving the charge from position x = 0 to x < 0, 
as shown in Fig. 2, it can be seen that there will be a minimum between x = 0 and 
x = —L x j 2, when the charge is going to be equidistant from the two other images 
shown. We shall demonstrate this in the following. 

The holonomy group for the Klein bottle is a rotation by i r around the y-axis. Its 
dimension is 2, allowing the Green’s function to be written as a sum of two pieces: 

G(x, x') = y^G (: x , y, t; {-l) m x + nL x ,y + mL y , t') 

m,n 

= ^2 G(x,y,t-,x + nL x ,y + mL y ,t')+ ^ G (x, y, t; —x + nL x ,y + mL y , t') 

m even,n m odd,n 

= Gi(x - x\y - y',t - t') + G 2 {x + x',y - y',t - t'). (3.2) 

For static sources, the Green’s function will give rise to a potential. G\ is translation 
invariant and yields an uninteresting (infinite) constant, which can be subtracted from 
the potential. G 2 on the other hand breaks translation invariance in the x direction 
and so generates a non-trivial potential. For a point charge with charge q at the spatial 
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Figure 2. Fundamental region of Klein bottle together with other 3 copies of it. When x = 0 
we have the same potential as when x = ±L x /2. Increasing the distant by gradually moving 
the charge in the x < 0 direction it can be seen that there will be a minimum between x = 0 
and x = —L x j 2, when the charge is going to be equidistant from the to other images shown. 


position (. x,y ), the potential is given by 


cf)(x) = 0 


+ q E / dA t G 2 (x + nL x ,mL y , At) 


= 0 + 


q \ ^ _f_ 

L x ~3 \/ \ 2 / j \ 2 " 

< m ”So [(£->«) +4n 2 (b) 


2 n (D- 3)/2> 


where the direct path (m = n = 0) is excluded from the sum, and where (j) is an 
arbitrary constant that we choose so that 0(0) = 0. Note that (j>(x + = <f>(x) for 

integer N. 

The derivative of the potential is 


<90 

dx 


- 2 ( fl -3)00 E 

x m,n =—00 
(m,n )^0 



The derivative can only be zero if there are cancellations term by term. This will occur 
precisely when is an integer or half integer. When A j s an integer the potential is 
at a maximum, when it is a half integer the potential is minimized. 








X 


Figure 3. Retarded potential for a static charge in Klein’s manifold in D = 4 for two values 
of the dimensionless parameter 0 = 0 = 0.05 and 0 = 0.01. An infinite constant is 

subtracted which corresponds to the potential at x = 0. The force is zero at x/L x = 0, 
x/L x = 1/4, x/L x = 1/2 and x/L x = 3/4, while x/L x = 1 is identified with x/L x = 0. The 
potential is smooth everywhere. It becomes deeper as 0 decreases. 


In Fig. 3 we plot <p(x) for D = 4 and two values of the dimensionless parameter 
0 = The inhomogeneity in 0(x) increases as 0 decreases. 

4 Point particle motion on the Torus 

We next consider point-particle motion on the 2—torus. Because the 2—torus does 
not break translation invariance, it admits constant velocity solutions. However, there 
can still be effects from the breaking of Lorentz invariance. To study these effects we 
imagine that we have a point particle moving through the compact direction. The point 
particle radiates because it is accelerated (by an external force). The radiation will 
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travel around the compact direction, where it can then scatter off the point particle. 
We compute the force exerted by the radiation on the point particle, and the resulting 
backreaction. 

We choose to compute the force because it is a natural, gauge-invariant observable 
defined in the topology frame, and it allows us to consider stability. Of course, based 
on the arguments of section 2.3, underlying this calculation is a scattering amplitude; 
the force can also be viewed as a measure of the strength of the scattering of the 
winding bulk particles. 

The torus is defined by ^ n x = x + nLz , where z is a unit vector pointing in the 
(compactihed) z direction. In other words, 

(t, x l ) ~ (t, x l + nLz 1 ). (4.1) 

We work in coordinates where z l = <5*’ 3 . 

This definition breaks manifest Lorentz invariance. To work in an arbitrary frame, 
we would need to promote z to a four-vector. Instead, we compute everything in the 
frame where z° = 0. We call this frame the topology frame. 

It is useful to note that in this frame the effective length of the space is 

l! = y/l + 7 2 v 2 z L. (4.2) 


4.1 Radiation into a bulk scalar field 

Consider a point particle coupled to a scalar field in four space-time dimensions. We 
consider generalizing to fields of other spins and to other numbers of dimensions in 
section 4.2. The action is 

^ _ ^(<9</>) 2 ^ + m Jdr + Q J d‘ i x(j)(x)J( y x, X), (4.3) 

where 

J(x,X) = J dr5^(x-X(r)). (4.4) 

The equations of motion are 2 

□0 = - QJ(x,X) 

m eff (0)X^ = -Q (rT + X' i X v } d^\ x=x (4.5) 



where m e ff(0) = m + Q<f>. The scalar field equation can be formally solved 


(p(x) 


= / d tG(x,X(t)) 


Q _i_ 

4?r „ <rM&*(T n ) ’ 


2 When deriving the equations of motion, it is important to remember to write the worldline 

integrals in a way that is manifestly invariant under reparameterizations of r. Thus, one should 
replace dr by dr \J—X 2 before varying. 
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where r n is the solution to 


On,„(T„X(r n ) = 0 


(4.6) 


and 

cr^(r) = — X^(t) — nLz 11 . (4.7) 

Substituting this expression for 0 into the point-particle equation of motion gives the 
same result we would have obtained by varying 2.10 directly. 

Equation 4.6 is impossible to solve in general as it is a complicated implicit equa¬ 
tion that depends on AW However, for the 2-torus inertial motion is an exact solution, 
as is now shown. 

4.1.1 Existence of constant velocity solution 

The special property of the 2-torus topology is that the compactihcation does not 
break translation invariance. The existence of solutions where the particle moves at a 
constant velocity in an arbitrary direction is guranteed by momentum conservation. 
Explicitly, we seek a solution of the form 

A m (t) = Xq + u^r. (4.8) 

Then the condition 4.7 becomes a simple quadratic equation for r n 

[u^Tn + (x^ - x 0j/i ) + nLz^] 2 = 0, (4.9) 

which may be solved trivially. Then 0 is given by 4.6, with r n given by the solution to 
the quadratic equation. 

As a consistency check, one can verify that the right hand side of the point- 
particle equation of motion (4.5) vanishes. This involves differentiating the numerator, 
and evaluating everything on the path of the particle at the site of the “zeroth image,” 
xJ l = u^Tq. The result for the 2-torus is 

( rf v + OT 3 v (j) = -f- V- , (W + (u ■ z)vP) = 0. (4.10) 

77 n (MW 1 + 7 2y z) 


Constant velocity is therefore a solution of the equations of motion. For the Klein 
bottle, the sum would not vanish, and constant velocity would not be a solution. 

4.1.2 Approximations 

Having established that constant velocity is a solution to the equations of motion, we 
examine the consequences of perturbations around that solution. 

Consider the emission of radiation from the particle, with k max being the highest 
energy mode that is radiated. For example, this radiation might occur as a result of 
the sudden acceleration of the particle with characteristic time scale k m l ax . 

We assume that 

k max L' > 1. (4.11) 
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That is, so that we are in the radiation zone we take the wavelength of the 
radiation to be small compared to the size of the space in the particle’s rest frame, 
We also assume that 

k 

^max 

m 

so the point particle that can be treated classically. 

Combining these, we learn that 

mil > 1. (4.13) 


(4.12) 


4.1.3 Force due to winding modes 


We are now able to compute the force perturbatively. Consider perturbations to the 
constant velocity solution 



X^ = X ** + £», 

(4.14) 

where 

1" = Xq + U^T. 

(4.15) 

Proper time parameterization 

is chosen, X 2 = — 1. 



To first order in e, the equation of motion for the point particle is 


m eS (<j){X))6» = (rT + X»X")dM + (x 1 *? + PX"') d v <j>(X ), (4.16) 

where 

50 = 0(A + e) -<j>(X). (4.17) 

This equation is non-local in time (since we have integrated out the scalar held); 
it is of the form 

K r o) = ^F(e(r n )) : (4.18) 

n 

where r n < To for all n in the sum. Thus, we may evolve from To to To + 8t for small 
dr provided we know e(r) for all t < tq. Given the physical picture we have in mind, 
we take c(t) = 0 for t < 0, and then consider e to be some specified function for 
0 < t < At ~ 1/fcmax. 

The held will then take the form 


S(p ~ 


Ae Be Ce 

T + 1a + 1a : 


(4.19) 


for some A, B , C which can depend on the background quantities. The expansion must 
start at 0(1/L) since the held should die oh at infinity. The dependence on e and its 
derivatives is hxed by dimensional analysis. 

Focusing on the leading term in 1 /L lets us neglect the second term on the right 
hand side of Equation 4.20. Thus the equation of motion becomes 


m efr (0(X))^ = {rf v + X»X v ) d v 8<f> 


(4.20) 



The leading order piece in 1 /L dominates at large distances. Working in a regime 
where k max L 1, we can neglect the terms proportional to B and C. To this same 
order of approximation, we may ignore perturbations to the retarded time r n , taking 
T n = f n . Then 


d^5(j) 


Q_ y- g , n (J_ 2 
4vrg- ( X-u ) 2 \L 2 ’ 


(4.21) 


We can now compute the corrected equation for the point particle motion, ex¬ 
pressing the physical 3-force in the rest frame of the topology. The 3-acceleration is 
related to the 4-acceleration by 


a = 


dt 2 

We find the 3-force 


d 2 x i _ I XiXj \ X> 1 fx _ ^ t 

I Oo. 


J lJ 


(X 0 ) 2 I (X 0 ) 2 7 


= — (Sij - VjVj^Ej + 0(e 2 ). (4.22) 


F l = m eS ((fi)ai(To) 

Q 2 

Air ^ 


471 n |n|T(l + 7 2 n 2 ) 


3/2 


[(fln ' A + 7 2 («n • v){v ■ 5)] z\ (4.23) 


where a n = a(r n ), and r n is the retarded proper time, given by the solution of 4.9 



4.1.4 Features of the force 


(4.24) 


There are several features of (4.23) that merit comment. First, we note that the force 
depends on the velocity of the particle relative to the topology frame, reflecting the 
global breaking of Lorentz invariance. 


Next there is the issue of stability. For the scalar case, it is easy to see that the 
force will always be in the opposite direction as the original acceleration. Thus the 
radiation tends to return the particle to its original velocity, stabilizing the velocity 
particle. 


The magnitude of the force is independent of n. This may be surprising from 
the point of view of an observer in the topology frame. From the perspective of such 
an observer, the left-moving radiation has moved a different distance than the right- 
moving radiation. Thus an observer in that frame might have expected the radiation 
moving ‘against’ the velocity to have a larger effect than radiation moving ‘with’ the 
velocity. 

However, while the topology frame is useful for understanding the periodicity 
conditions, it is misleading to estimate the size of the force in that frame. Instead 
imagine boosting into the rest frame of the particle. In this frame the size of the space 
is 7 L, and the periodicity condition is 

(t, z) ~ (t + n'yvL, z + wyL). (4-25) 
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In this frame the magnitude of the force due to ±n is manifestly the same. We also 
see that the arrival times of the radiation will be different. This effect was noted, for 
example, in [24], 


Perhaps more surprisingly, the force is independent of the sign of n. This is a 
consequence of the fact that the acceleration picks out a preferred direction. More 
explicitly, the held is given by 


<t>( x ) 


Q_ \ 

4vr (x-X)-X 


(x-X)-e X ■ e 

(x-x)- x + ((x-x)-xy 


+ 0(e 2 ) 


(4.26) 


The dominant term is the second one, which is the radiative part of the held (since it 
is the piece for which d(j) ~ e). 

In the rest frame of the charge, this piece has the form 


0rad, 


rest frame 




q (x — A") • e 
47T |r| 


(4.27) 


This is clearly not spherically symmetric. In particular, the dipole form of the held 
guarantees that the force will be in the same direction for observers at r and — f. 

As a proof of principle, in section 4.1.6 we consider a case where the radiative part 
of the held is spherically symmetric. For a point particle this is necessarily artihcial, 
but it could be considered to be a toy model for more realistic setups. 


Another interesting feature is that the force is entirely in the z direction. As we 
will show below, this is a special feature of the scalar held. 


Finally, we comment on the size of the effect. The force creates an acceleration 
of the particle of the schematic form (ignoring relativistic effects) 


a(r) ~ 



n 


a(r n ) 

Ini 


(4.28) 


where Q is a parameter measuring the strength of the interaction. Thus the particle 
experiences a series of kicks as the radiation hits the particle. An individual kick has 
a size approximately given by 

Q 2 

(^single kick ~ J[ JL ' (4.29) 

Within the regime of validity of our calculation, this will be small (assuming Q is small 
enough that we can trust perturbation theory). 

The sum formally diverges in the limit |n| —> oo. This corresponds to waiting a 
long time. Thus, though an individual pulse may give a small effect, over a long time 
the accumulated effect of the pulses can accumulate to a large effect on the trajectory. 
This is a special feature of 3 + 1 dimensions. 

Since the effect is linear in the number of light fields in the bulk, the effect of one 
kick can also become large if a large number of fields are present. 
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4.1.5 Special cases 

Equation 4.23 is rather complicated, so we will consider two special cases to gain 
insight. 

Special Case 1: v || z 


In this case we write v = vz. Then yA + ^v 2 = 7- This leads to 


Q 2 


47T ' 

n 


a n ■ z 
\ n \lL 


z\ 


(4.30) 


which is suppressed by \n\~fL, the distance between the charges in their rest frame. 


Special Case 2: r 1 z 

Now yT + 7 2 n^ = 1. As a result, 




a n ■ z 
\n\L 


■z . 


(4.31) 


which is now suppressed by \n\L. 

4.1.6 Time-dependent coupling 

It is interesting to see how the results change if we consider spherically symmetric 
radiation. For a structureless point particle, there is no natural way to do this. We can 
however model this situation (at least for a scalar held which has no gauge invariance) 
by considering a time dependent coupling constant q. This can be considered a toy 
model for a more realistic situation: for example, in a brane scenario a scattering 
event on the brane might lead to a spherically symmetric radiation of bulk modes. 
Alternatively, the coupling between the brane and 0 might be determined by the vev 
of another held x which could experience fluctuations. 

In any case, consider the case where q = q(t). The held is then 


1 

47T 


E 


leading to a force 


F l = 


87T7 \n\LsJl + 7 2 u2 ^ \n\ d t 


g(*) 

• X' 




(4.32) 


(4.33) 


This now depends on the sign of n. 

It is interesting to consider the winding time - the time it takes for an emitted 
photon to return to the particle. This is 


W n = \X°(r n )-X L 


n'yL 


^\A + 7 2 ^ -7 y z 


= \n\^L (^Jl+^ 2 v 2 z + j^|7. 

(4.34) 
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We see that an observer moving close to c can experience many left-moving modes 
before a single right-moving mode. Furthermore, the sign of the effect is proportional 
to so the effect of, say, left moving modes can have either sign, either in the 
direction of motion or against the direction of motion of the particle. We can therefore 
imagine an instability for a point particle moving at a speed close to c relative to the 
topology frame that encounters many modes travelling in the same direction (that is, 
with the same n/\n\). Depending on the sign of the derivative of q 2 , the impact could 
be in the same direction as the particle’s velocity, which would either tend to increase 
the particle’s speed toward c, or in the opposit direction, decreasing it to rest. 

4.2 Generalizations 

The results of the previous section can be extended to massless spin-1 and spin-2 bulk 
fields, and to arbitrary even space-time dimension with D > 4. The calculations are 
similar though more involved. Here we focus on the features that are new relative to 
the scalar case. 


4.2.1 Bulk Spin-1 Field 

The action for a spin-1 held A^x) is 

1 


S = / d‘x —F‘ + m / dr + q / drXM„(X). 


(4.35) 


We proceed as above. The held A M can be computed in any gauge. Only the gauge 

dfj,A v enters into the point-particle equation of 


invariant combination F I1V = d^A u 
motion: 


F =^-V 
^ 4vr 2 ^ 


(a n ■ u)e(r n ) [ti - (a n ■ e(r n ))u [fi 


du]T n 


(4.36) 


(a n ■ u) 2 

where [a, b] = |(ab — ba ). We can then perturb the point-particle equation of motion 

e ** = SF^Uu + F^£ v = SF^Uu. (4.37) 

Carrying through the above procedure we are lead to the force. In D = 4 we get 


_ _ S_ 

4 n 

n 


W 1 + 7 2 v 2 


In 


5 ij - 


z l (z j + 7 2 n 2 F) 


1 + 7 2 n 


2/j )2 

z 


(4.38) 


It is again interesting to consider some special cases. If v\\z, then \Jl-\- 7 2 n 2 = 7 . 
This leads to 


F * = _r v- 


An ■' |n|7L 


(8 ij - Az j ) 


(4.39) 


Here we can see the dipole effect. In particular, when n||a||£ there is zero force. 
If instead vl.z, then \Jl + 7 2 n 2 = 1. As a result, 


f ‘ = - fr 

47T ^ 

n 


\n\L 


\5 ij - z i z j ) a{ 


(4.40) 
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4.2.2 Bulk Spin-2 Field 

The action for a point particle coupled to General Relativity is 


s = Mk 


<rxyf-gR + m / dr \ — 


dX>‘ dX" 


dr dr 


Expanding around flat space 


Vuv + 


h 


fllS 


M P r 


we can write the action to leading order in h as 
S = j d A x (— ^ h IJU £ lwprJ h pf ^j + m j dr 
where the Licherowicz operator is 

1 


1 + m 7 X {X)X ^ 


£ lwprT = -£ wjqA £ w/3 x d a dp. 

Following the above logic we are lead in D = 4 to 
2 

. / m \ 

F l = — 


m 


£ 


47t \MpJ “ \n\LsJl + 7 2 r 2 


x 


< - ^ ((«« • *) + 7 2 («n • v)(v - £)) 


1 , n/|n| 


l + 7 2 u 2 7 -y/l + y 2 ^ 2 


This simplifies when v\\z 


F\v z) = 

47T V Mpi 


m 


£ 


71 ( 7 !/ 


n 


8 13 - - 1 + --v z*£- 


n 


al. 


and when vFz 


F'(v±S) = - 1 - 


m 


An y iWpi 


£ 


\n\L 


8 ij - 

4 


(4.41) 

(4.42) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(4.47) 


As a check, we should make sure that we can consistently ignore gravitational 
backreaction. This will be fine 

TYl 

m ~ mP < L (4 ' 48) 

where 8 is the regulated point particle’s size. If <5 ~ m _1 <C L (so that the particle is 
not smaller than it’s Compton wavelength), then this condition becomes m <C Mpi. 

In this case the size of an individual kick is 

M 1 

^single kick, gravity ~ ~ < ( 4 ’ 49 ) 

Thus the kicks are guaranteed to be small if we work in the probe limit. This analysis 
extends to arbitrary space-time dimensions. 
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4.2.3 Other even space-time dimensions 

The above results generalize to any even space-time dimension. For the scalar and 
vector cases, the result only changes by replacing 


q g 

47TMV1 + l 2 vl 2(27t)( d_2 )/ 2 (inlLyi+r 


2 t ; 2 

z 


D -3 


(4.50) 


A D-4 


Here g is a dimensionless coupling constant and A is a scale associated with the in¬ 
teraction between the particle and field (which is non-renormalizable for D > 4). The 
tensor structure is dimension-independent. 

For the tensor case, since the propagator depends on D, the expresssion is slightly 
different. The net result is 


F l = 


m 


2(27r)(- D-2 )/ 2 M 


D- 2 
PI 


E 


(MW 1 + 7 


2 v 2)D-3 


(4.51) 


X 


i ID -3 
2D — 2 


((a n -z)+ 'y 2 (a n -v)(v-z)) 


:z l + 


n \n\ 


l + l 2 v 2 z 7y/l + 7' 
In all cases, an individual kick then has a size approximately given by 


2 v 2 

^ Z 


8v, 


single kick 


(AL) D ~ 3 ML' 


(4.52) 


Within the regime of validity of our calculation, this will be small (assuming g is small 
enough that we can trust perturbation theory). 

Over the course of the trajectory, the particle can experience many such kicks, 
however 

X ^ 

E Ora ~ 0(1) D > 4. (4.53) 

n =—oo 1 1 

Thus there is not a large accumulated effect for dimensions larger than four. 


5 Discussion 

In this work we have studied the self-force of a particle in a compact space in a variety 
of contexts. The fact that compactifications break symmetries globally can lead to 
position-dependent or velocity-dependent forces. In particular, winding modes of the 
field can create non-local and dissipative effects. For generic topologies that break 
translation invariance, such as the Klein bottle, the particle can generate a position 
dependent potential with which it interacts, creating privileged stable points in the 
space and preventing the particle from moving with constant velocity relative to the 
topology’s natural rest frame. 

Even for simple torus topologies, where translation invariance is preserved, there 
can be effects due to the breaking of Lorentz invariance. A particle, once accelerated, 
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will emit radiation that travels around the space and then interacts with the particle. 
We computed the resulting force on the particle. This can be interpreted as a non-local 
correction to the particle’s equation of motion due to the topology. When the particle 
is accelerated by an external force, the emitted radiation tends to act in the opposite 
direction of the original acceleration. In this sense the particle’s trajectory is stable to 
the effects of winding modes. The effect can be large if there are a large number of 
fields in the bulk coupled to the particle. A large effect can also build up over time if 
there are 4 space-time dimensions; such an effect may have occurred, for example, if 
in the early universe our four space-time dimensions were compact and small. 

Intriguingly, for other sources of radiation, there can be an instability for particles 
moving close to c in a closed space. We studied a toy example by considering a particle 
with a time dependent coupling. In this case, the force exerted by right and left-moving 
modes is in opposite directions. However, a particle moving close to c may experience 
many left-moving pulses (say) before a single right-moving pulse. Thus the particle 
can be pushed closer to c or further from c, depending on the sign of q 2 . 

Our results may be relevant in brane-world cosmology by changing the motion of 
the brane. There may also be particle physics implications. For example, the kicks 
may result in time dependence of the masses of the Kaluza-Klein modes. Finally, our 
results may also be relevant for some condensed matter systems where the system can 
be described with a closed topology. 

The work in this paper could be further generalized. It may be interesting to 
extend the study to consider extended objects, not just point particles. The results 
can also be derived for more complex space forms, such as orientifolds or orbifolds, 
where we expect analogous effects to exist. It could also be interesting to study the 
effects in odd space-time dimensions by considering the tail effect. Finally, in this work 
we studied only radiation generated classically by a charged particle. It is also possible 
for an accelerated neutral particle to emit radiation quantum mechanically through 
the dynamical Casimir effect, so it would also be interesting to study the problem in 
that context. 
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